Abstract The flow of water over an obstacle is a fundamental problem in fluid mechanics. Transcritical flow means the wave phenomenon near the exact criticality. The transcritical flow cannot be handled by linear solutions as the energy is unable to propagate away from the obstacle. Thus, it is important to carry out a study to identify suitable model to analyse the transcritical flow. The aim of this study is to analyse the transcritical flow over a bump as localized obstacles where the bump consequently generates upstream and downstream flows. Nonlinear shallow water forced Korteweg-de Vries (fKdV) model is used to analyse the flow over the bump. This theoretical model, containing forcing functions represents bottom topography is considered as the simplified model to describe water flows over a bump. The effect of water dispersion over the forcing region is investigated using the fKdV model. Homotopy Analysis Method (HAM) is used to solve this theoretical fKdV model. The HAM solution which is chosen with a special choice of -value describes the physical flow of waves and the significance of dispersion over a bump is elaborated.
Introduction
The flow of water over an obstacle is a fundamental problem in fluid mechanics. Generation of solitary waves by bottom forcing topography has gained attention since the experimental research by Huang et al. [1] and numerical findings by Wu and Wu [2] . 
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Linear theory is used to describe the wave field when the flow is not critical. Critical in this context means the flow speed is not close to any linear long wave speed. These linear theory solutions only applicable to the subcritical case (flow speed <long wave speed) or supercritical (flow speed >long wave speed). This identifies that the linear solutions fail near criticality condition (flow speed ≈ long wave speed) as the energy is unable to propagate away from the obstacle [3] . Thus it is crucial to identify a suitable model to analyse the wave phenomenon near the exact criticality or transcritical flow. It is found that the forced Korteweg-de Vries (fKdV) equation is a simpler theoretical model to study the free surface flow over a bump [3] .
The standard form of fKdV equation for water waves is given by Pelinovsky et al. [4] ,
with α = 3c/2h 0 , β = ch 2 0 /6 and f = −cz/2 where η refers to the elevation of free water surface, z represents the solid bottom, h is the constant mean water depth, c is the long wave speed with g is acceleration due to gravity, and ∆ = critical parameter.
Forced KdV equation with various types of forcing term have been studied since 30 years ago by Patoine and Warn [5] , Akylas [6] , Grimshaw and Smyth [7] , Wu [8] , and Lee et al. [9] . Lee et al. [9] found that fKdV model admits external forcing disturbances when the surface pressure and bottom topography are entirely equivalent. Grimshaw and Smyth [7] showed that the forcing term of fKdV equation was characterised by forcing amplitude and length scale forcing positive parameter. Length of disturbance may have a crucial effect on solitary wave generation as was highlighted by Shen [10] . The effect of forcing length on wave amplitude was studied by Teng and Wu [11] . Zhang and Zhu [12] presented a nonlinear theory for different ranges of Froude numbers varying from subcritical, transcritical and supercritical. Zhang and Chwang [13] studied the generation of solitary waves at the critical velocity on different bottom topographies. Grimshaw et al. [3] explored transcritical flow using fKdV model where numerical and asymptotic analytical solutions have shown upstream and downstream flows.
The Homotopy Analysis Method (HAM) is an analytical method to solve nonlinear partial differential equations, which was first introduced by Liao [14] . HAM has greater flexibility in the selection of a proper set of base functions for the solution and a much simpler way in the control of the convergence rate and region compared to perturbation approach [15, 16, 17, 18] . This analytical technique does not have restriction of non-perturbation methods, such as Lyapunovs artificial small parameter method, the δ-expansion method and Adomian's decomposition method. The analytical technique also has been applied successfully in many nonlinear problems in engineering and sciences [19] .
For example, in the nonlinear progressive waves [20] , free oscillations of positively damped systems with algebraically decaying amplitude [21] , free oscillations of self-excited systems [22] and similarity boundary layer equations [23] . The HAM is applied to obtain the solitary solution of KdV equation and it shows excellent agreement with the exact solution [24] . Up to now, solutions of fKdV equation can only be obtained by numerical or perturbation series [25] . Recently, fKdV model with a specific choice of forcing term is successfully solved using HAM [26] .
In this paper, the flow over a bump will be analysed using shallow water fKdV model. Shallow water fKdV model will be solved using HAM. The fKdV model has a forcing term which represents the bottom topography. This investigation aims (a) to describe the localized obstacle or bump (b) to find an analytical approximate solution for fKdV using a forcing term that represents the bump (c) to explore and analyse the flow over the bump physically, and (d) to describe the effect of dispersion over the forcing region. It is found that HAM solution could explain the flows of water over a bump. The bump is found to generate upstream and downstream flows. The bump also creates a uniform depth wave over the forcing region.
Methodology 2.1 Shallow Water fKdV with Bottom Topography
Rewrite the Equation (1) in dimensional form, Wu [8] ,
where ϕ refers to the water elevation, f for forcing term, Fr and Froude number and c 0 for linear long wave speed. It should be noted that the Equation (2) is a nonlinear shallow water fKdV which is derived from the theory of fluid mechanics [27] . The term ∆ =(Fr −1) is the criticality parameter where it is classified into three types of critical flow according to the value of Fr. The three types of critical flow are transcritical (∆ = 0), subcritical (∆ < 0) and supercritical (∆ > 0). The right hand side of Equation (2) represents the forcing term. The relation of the forcing term and seabed geometry can be seen in Equation (2).
HAM on fKdV
We attempt to solve Equation (2) for the transcritical flows. Generalizing Equation (2), Figure 1 is the sketch of the bottom topography,z. From HAM,
we use φ 0 (x, t) = (1 + sin[x]) /4 as the initial guess and
as the auxiliary linear operator satisfying
where c is constant. Considering H (x, t) = 1 
with φ m (x, 0) = 0 for m > 1 (10) 3 Result and Discussion
HAM Solution of Transcritical Flow
In the case of transcritical flow, we let Fr = 1. MATHEMATICA Version 10 was used to solve the nonlinear equations. HAM solution of Equation (2) is obtained at 6th-order approximation. The solution is 
In order to obtain a better convergence of the HAM solutions, the value of is determined by plotting the derivatives of φ for a fixed point of x and time, t. Figure 2 shows the -curves at 6th order approximation.
The relation of the forcing term and seabed geometry can be seen in Equation (2). It is pointed out that the valid region of lies on the horizontal line segment. The admissible convergence interval of HAM solution is −5 ≤ ≤ 0.5. After a detailed computation using MATHEMATICA Version 10, is determined at −2. Many researches have been done on flow over the bump by omitting the dispersive term. Grimshaw and Smyth found that the effect of dispersion is significant in the forcing region as well as in the formation of waves upstream and downstream [7] . In the case of weak dispersion, it may cause a formation of a solitary-type wave which propagates upstream. Grimshaw and Smyth [7] , also stated that in the case of strong dispersion, the fKdV solution may reach the quasi-stationary state in the forcing region and the downstream depression terminates. Then each solitary wave that propagates from upstream will flow smoothly over the bump so that the wave will be sent downstream.
In this work, the dispersive term is taken into consideration using fKdV model. At the initial stage, solitary waves are successively generated at the point of x <0. We can see that the upstream flows are attached to the bump and there is a sequence of wavetrains generated towards upstream from the bump. The sinusoidal function is chosen as the initial guess function (Equation (7)). This suggests that the water waves flow over in wave form from the left to the right. So, when the water waves collide the bump, there exists a resonant flow opposite to the current flow. This indicates that the bump generates upstream flows towards the left through the act of dispersion. This act of dispersion is much similar with Grimshaws [7] findings in 1986. It should be noted that the flow of upstream and downstream are not connected at a point where we can notice that there is no communication between the two ends of the steps. We can clearly see that the waves are horizontally flattened in the coordinate of 1 ≤ x ≤ 2.2. Grimshaw and Smyth [7] , and Wu [8] observed the similar horizontally flattened of water waves in their work. This suggests that the effect of dispersion is weak, yet it still plays an important role in the flow over a bump. Referring to Figure 4 , the period of waves is similar but it has different amplitudes of the upstream waves. HAM solution depicts that the amplitude of the waves at upstream is increasing slowly over time. Existing numerical solutions for flow over a bump suggested that the amplitude of the wave upstream is stationary [3] . However, available numerical solutions as in Grimshaw and Smyth [7] , and Wu [8] show that the wave on bump has a lower height compare to earlier waves. This seems to be agreeable with HAM solution where the waves on the bump has a height of 0.5 units and the earlier waves of upstream is about 0.8 units.
At the second stage of the flow over a bump, the amplitude of the generated solitary waves reduces after it flows over the peak of bump at x = 0. It does not produce solitary waves immediately but produce a uniform depth of flows. It can be seen from the figures 3 and 4 that, the waves are flattened horizontally for 1 < x < 2.2. Finally, at the downstream (x > 2.5), a cnoidal-like waves start oscillating. Solitary waves are observed at the downstream.
Conclusion
In this work, the free surface transcritical flow over a bump has been observed using a shallow water forced Korteweg-de Vries (fKdV) model. FKdV model is well-known as the simplified models to analyse the flow over a bump. Bump has been used as a forcing region to identify the forcing term of fKdV. An analytical approximate solution for shallow water fKdV equation using HAM is obtained. Horizontal line segment with the -curves strongly shows that the obtained analytical approximate solution is fully converged. A logical and suitable HAM solution is obtained by using a coefficient, k. The obtained HAM solutions show that when the water flows over the bump, the bump consequently generates upstream flows which then creates uniform depth waves over the forced region and finally generate oscillatory downstream flows. The behaviour of water flow obtained in this research is similar and agreeable with the work done in Grimshaw (1986) . Even though, the dispersion of the free surface transcritical flow is found to be weak in this model, it should be noted that the effect of dispersion still plays an important role in generating the upstream flows.
